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THE FOURTEENTH WESTERN MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tue fourteenth regular western meeting of the American 
Mathematical Society, being the forty-fifth regular meeting 
of the Chicago Section, was held at the University of Chicago 
on Friday and Saturday, April 9 and 10, 1920. The total 
attendance at this meeting was one of the largest in the history 
of the Chicago Section, there being about one hundred and 
fifty persons present at the meeting of Friday afternoon. 
Among these were the following sixty-nine members of the 
Society: 

Professor G. A. Bliss, Professor H. Blumberg, Professor 
R. L. Borger, Professor W. C. Brenke, Professor E. W. Brown, 
Professor W. D. Cairns, Dr. C. C. Camp, Dr. J. W. Campbell, 
Professor J. A. Caparo, Professor R. D. Carmichael, Professor 
A. B. Coble, Professor A. R. Crathorne, Mr. H. W. Curjel, 
Dr. H. B. Curtis, Professor D. R. Curtiss, Professor S. C. 
Davisson, Dr. W. W. Denton, Professor L. E. Dickson, Pro- 
fessor Arnold Dresden, Professor Arnold Emch, Mr. E. B. 
Escott, Mr. T. C. Fry, Professor M. E. Graber, Professor 
Harris Hancock, Professor W. L. Hart, Professor E. R. 
Hedrick, Professor T. H. Hildebrandt, Professor G. O. James, 
Professor A. M. Kenyon, Dr. J. R. Kline, Professor W. C. 
Krathwohl, Professor J. W. Lasley, Jr., Professor Kurt Laves, 
Professor A. C. Lunn, Professor J. V. McKelvey, Professor 
Malcolm MeNeill, Professor W. D. MacMillan, Professor Max 
Mason, Professor T. E. Mason, Professor Bessie I. Miller, 
Professor W. L. Miser, Professor E. H. Moore, Professor E. E. 
Moots, Professor E. J. Moulton, Professor F. R. Moulton, 
Professor G. W. Myers, Professor C. I. Palmer, Professor A. D. 
Pitcher, Professor S. E. Rasor, Professor P. R. Rider, Professor 
H. L. Rietz, Professor W. J. Risley, Professor W. H. Roever, 
Professor D. A. Rothrock, Professor Oscar Schmiedel, Pro- 
fessor G. T. Sellew, Professor E. B. Skinner, Professor H. 
E. Slaught, Professor R. B. Stone, Professor E. J. Townsend, 
Professor A. L. Underhill, Professor E. J. Wilezynski, Professor 
C. E. Wilder, Professor K. P. Williams, Professor R. E. Wilson, 
Professor C. H. Yeaton, Professor A. E. Young, Professor J. 
W. A. Young, Professor Alexander Ziwet. 


H 
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On Friday evening seventy-four members and guests 
gathered at a dinner at the Quadrangle Club. a 

The session of Friday afternoon, presided over by Professors 
E. W. Brown and D. R. Curtiss, was devoted to a symposium 
on “The Maxwell field equations and the theory of relativity.” 
Papers were read by Professors Max Mason and A. C. Lunn; 
the discussion was participated in by Professors E. W. Brown 
and Alexander Ziwet. Synopses of the symposium papers 
follow: 


I. “Electromagnetic Field Equations,” by Professor Max 
Mason. 

1. Definition of the vectors E, B. The field equations for 
charge and free space, and the retarded potentials. 

2. The Lorentz electron hypothesis. The electromagnetic 
equations for ponderable bodies; actual and averaged value 
of the vectors. 

3. Comparison with the action at a distance theories (Weber, 
Clausius et al.) and with the action in the medium theories 
(Maxwell, Hertz). 

4. The equation of activity and of energy. The dynamics 
of the electron. 

5. Types of analytical problems in field determinations. 

6. Ponderable matter and free electrons; thermionic space 
charge and current. 

References. 
Whittaker, History of the Theories of Aether and Electricity. 
Encyclopadie der mathematischen Wissenschaften, V. 12 
(Reiff and Sommerfeld), V. 13, 14 (Lorentz). 
Lorentz, The Theory of Electrons. 


II. “The Theory of Relativity,” by Professor A. C. LuNN. 

1. Terrestrial mechanics and geometric optics on a labor- 
atory scale. The experimental aspect of euclidean metrics, 
optical meaning of straightness. The materialization of space 
by the ideal rigid body. Practical chronometers. The group 
of transformations of newtonian mechanics. The gravita- 
tional field. Large scale geodesy, with possible non-euclidean 
phrasing. 

2. Celestial mechanics. Extension of application of the 
general laws of mechanics and success of the law of gravita- 
tion when observations are reduced on the basis of euclidean 
triangulation and rectilinear path of light. Exception in 
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the case of the line of apses of Mercury. Determination of 

inertial systems. The “absoluteness”’ of rotation. 

3. Optics and ether theories. Development of the wave- 
theory of light in its successive forms. Experimental basis 
of the notion of fixed ether. Problem of optical determination 
of absolute motion and negative outcome of the Michelson- 
Morley experiment. The Fitz-Gerald contraction as a pre- 
sumptive physical phenomenon. 

4, Electromagnetic theory and electrons. Distinct physical 
effects of ether displacement and polarization currents. The 
Larmor-Lorentz equations and their group of transformations. 
Comparison with newtonian relativity. 

5. Einstein’s first or special form of relativity in terms of 
the constancy of the velocity of light and the mutual de- 
pendence of space and time measurements. Minkowski’s 
theory of euclidean four-dimensional space-time and the 
corresponding vector analysis or algebraic covariance theory 
associated with the invariant sum of squares. Real interpre- 
tations of non-euclidean type. The tensor of stress, momen- 
tum and density. 

6. General relativity in terms of covariant theory of general 
quadratic differential form in four variables. The “local” 
affine vector analysis of an infinitesimal region associated 
with the group of all linear transformations. Curvature of 
finite regions of space-time and application of covariant 
differentiation to the statement of physical relations. The 
Riemann-Christoffel four-index tensor and the associated re- 
duced tensor. 

7. The general dynamical tensor and Einstein’s law of 
gravitation. Newton’s law as a first approximation. Equa- 
tions of motion for particles in the void. Path of a ray of 
light. Explanation of the residual in the case of Mercury 
and prediction of bending of ray of light passing near the sun. 
Outlook on other phenomena. Relation to molecular theories. 

References. 

Einstein: Annalen der Physik, volume 17 (1905), pages 891-— 
921 and volume 49 (1916), pages 769-822; Jahrbuch der 
Radioaktivitit, volume 4 (1907), pages 411-462. 

Laub and Ishiwara: Jahrbuch der Radioaktivitét, volume 7 
(1910), pages 405-463 and volume 9 (1912), pages 560-648. 

Minkowski: Géttinger Nachrichten, 1908, pages 53-111, and 
Mathematische Annalen, volume 68 (1910), pages 472-525. 
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Eddington: Report on the Relativity Theory of Gravitation. 
London, Fleetway Press, 1918. +9 


At the sessions of Friday and Saturday forenoons, presided 
over by Professor Carmichael, chairman of the section, and 
Professor Wilczynski respectively, the following papers were 
read: 

(1) Professor G. A. Mitter: “Transitive constituents of 
the group of isomorphisms of an abelian group of order p”™.” 

(2) Professor G. E..Wanuin: “On the unessential divisors 
of the discriminants of a domain.” 

(3) Professor E. B. Strourrer: “Seminvariants of a general 
system of linear homogeneous differential equations.” 

(4) Professor E. J. Witczynsx1: “A set of characteristic 
properties of a class of congruences connected with the theory 
of functions.” 

(5) Professor A. B. Coste: “ Porisms.” 

(6) Professor O. E. GLenN: “Modular covariants of formal 
type.” 

(7) Professor T. E. Mason: “New pairs of amicable 
numbers.” 

(8) Professor DunHAM Jackson: “On functions of closest 
approximation.” 

(9) Professor R. D. CarmicHaEL: “On the expansion of 
certain analytic functions in series.” 

(10) Professor R. D. CarmicnaEL: “Boundary value and 
expansion problems: Aigebraic basis of the theory” (pre- 
liminary communication). 

(11) Professor R. D. CarmicHaEL: “Boundary value and 
expansion problems: Formulation of various transcendental 
expansion problems” (preliminary communication). 

(12) Professor D. R. Curtiss: “On Jensen’s extension of 
Rolle’s theorem.” 

(13) Professor K. P. Wiiu1ams: “The spiral descent of an 
airplane.” 

(14) Dr. Gzorce RutLepGE: “ An invariant area property 
of polynomial curves of odd degree and the direct evaluation 
of Cotes’s coefficients.” 

(15) Professor P. R. Riper: “The minimum area between 
a curve and its caustic.” 

(16) Professor W. D. MacMitxian: “On the moment of 
inertia in the problem of n bodies.” 


| 
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(17) Dr. J. R. Kune: “Concerning the boundary of um- 
formly connected ‘im kleinen’ domains.” 

(18) Professor E. H. Moore: “On the reciprocal of the 
general algebraic matrix.” 

(19) Professor W. H. Rorver: “ Determination of the wind 
structure from the flight of a pilot balloon.” 

The papers of Professors Miller, Wahlin, Stouffer, Glenn, 
and of Dr. Rutledge were read by title. Abstracts of the 
papers, numbered in accordance with the above list, are given 

Ow: 


1. An abelian group cannot contain more than two charac- 
teristic operators. Hence the group of isomorphisms I of an 
abelian group G, when represented on letters corresponding 
to non-characteristic operators of G, cannot contain more 
than two transitive constituents which are separately simply 
isomorphic with I and a necessary and sufficient condition 
that it contains two such constituents is that the order of G is 
twice an odd number. When the order of G is p”, p being a 
prime number, then the-I of G contains only one transitive 
constituent which is simply isomorphic with G. Professor 
Miller investigates the relations existing between the various 
constituents of I, especially those corresponding to operators 
of the same order contained in G. In particular, he proves 
that to the identity of one such constituent there corresponds 
an abelian group of order p* and of type (1, 1, 1, ---) in the 
next higher constituent, and he determines the orders of 
these groups. 


2. Various investigators have made extensive studies of the 
unessential divisors of the discriminants of the integers of an 
algebraic domain. In his Theorie der algebraischen Zahlen, 
Hensel shows that if p is a common unessential divisor of the 
discriminants of all integers of a domain and if in the domain 
all the prime factors of p are of the first degree, then p is 
necessarily less than the degree of the domain. In the case 
when all the prime factors of p are not of the first degree, he 
finds a larger upper limit for the primes which may be common 
unessential divisors. In the Mathematische Annalen, volume 
73, von Zylinski shows that p: is always less than n, if p is a 
common unessential discriminant divisor. In the present 
paper, Professor Wahlin shows that in case all the prime 
divisors of p are of higher degree than the first, a still smaller 
limit can be fixed. 
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3. Consider the system of linear homogeneous differential 


equations a 
n m 
+E ) = 0 = 1, 2, --+, n), 


where pix: are functions of the independent variable z. It is 
known that the most general transformation of the dependent 
variables which leaves this system unchanged in form is given 


by the equations yz = >. az(z)j,, |ax| + 0, where ox: are 
A=1 


arbitrary functions of zx. A function of the coefficients and 
their derivatives which has the same value for the original 
system as for the transformed system is called a seminvariant. 
Professor Stouffer calculates a complete system of semin- 
variants for the above set of equations. The seminvariants 
for the simpler case when piim—1 = 0, were first obtained, and 
the seminvariants for the general case were obtained from 
them by simple transformations. 


4. If two complex variables, z and w, are transferred to the 
same sphere, and if the points which correspond to each other 
in a functional relation between z and w are joined by straight 
lines, the lines thus obtained form a congruence. The general 
properties of such congruences were determined by Professor 
Wilczynski in a paper in the Transactions, October, 1919. In 
the present paper, Professor Wilczynski shows that a certain 
list selected from these properties is characteristic of such 
congruences. It is a notable fact that most of these properties 
are of a purely projective character. 


5. Professor Coble’s paper is concerned with multiple 
binary forms which have the closure property. A poristic 
form of this sort defines a complementary poristic form such 
that the product of the two can be expressed as a determinant 
which by its very nature is poristic. 


6. Professor Glenn’s paper presents in brief the main results 
developed in the author’s memoir on formal invariancy, read 
before the Society in December 1919 (see abstract in this 
Butietin for March, 1920). Certain further developments 
of general theory are included. 


7. By making use of Lehmer’s Table of Primes, Professor 
Mason has been able to show that the numbers 256-8520191 


| 
| 
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and 256-257-33023 are a pair of amicable numbers. This 
pair of numbers belongs to one of the types treated by Euler, 
but the large prime was beyond the limits of his table of 
primes. Other number pairs are obtained by Euler’s methods 
or modifications of his methods. 


8. The determination of the best polynomial of approxi- 
mation for a given continuous function f(x) in a given interval, 
the degree of the polynomial being given, depends on the 
meaning attached to the phrase “best approximation.” 
The polynomial for which the maximum of the absolute value 
of the error is as small as possible is known as the Tchebychef 
polynomial, and has been extensively studied. The poly- 
nomial for which the integral of the square of the error is a 
minimum is the sum of the first terms of the Legendre’s 
series for f(x), and its properties are also well known. Pro- 
fessor Jackson considers the polynomials for which the integral 
of the mth power of the error is a minimum, where m is any 
even positive integer, or, more generally, the integral of the 
mth power of the absolute value of the error, where m is any 
number greater than 1. It is found that certain theorems 
which are well known for m = 2 are applicable in the more 
general case; and it is shown that the approximating poly- 
nomial corresponding to exponent m approaches the Tcheby- 
chef polynomial as a limit when m becomes infinite. The 
discussion is put in such a form as to apply also to approxima- 
tion by finite trigonometric sums, for example, and generally 
to approximation by linear combinations of a given set of 
linearly independent functions, having such further properties 
as to insure the uniqueness of the best approximating function 
in the sense of Tchebychef. 


9. For a certain class S(x) of cases of the 2-series introduced 
by Professor Carmichael in his paper in the Transactions, 
volume 17, he now treats anew the problem of the representa- 
tion of functions in such series. The basic function g(x) is 
restricted to the special asymptotic form 


valid in a suitable sector V. The object of the present note 
is to derive certain necessary and sufficient conditions for the 
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representation of functions in the form of series S(x + a), 
where a is a suitable constant depending on the function to be 
represented. 


10. Lying back of several well-known expansion problems 
in the theory of integral equations and of linear differential 
equations, both ordinary and partial, is a corresponding 
problem for linear algebraic equations of which the trans- 
cendental problems are limiting cases, each limiting case being 
realized in a way peculiar to its own class. The object of 
Professor Carmichael’s second paper is to study systematically 
and to generalize in several directions the algebraic problems 
which thus come into the foreground, the primary purpose 
being to come to such understanding of these algebraic 
matters as. will make them serve in the fullest way possible 
as a guide to the formulation and solution of important 
transcendental problems of expansion. 


11. With the results of his second paper as a guide, Professor 
Carmichael formulates in his third paper several transcen- 
dental expansion problems (in association with certain boun- 
dary conditions when these are relevant) having to do with 
equations and systems of equations of the following classes: 
linear differential equations, both ordinary and partial; linear 
difference equations, both ordinary and partial; integral 
equations; integro-differential equations; integro-difference 
equations; differentio-difference equations, and some others. 
The systems mentioned may be made up of equations of only 
one class or of equations from two or more different classes. 
This preliminary communication announces the formulation 
of these problems and a certain small progress toward their 
solution. 


12. The theorem of Jensen according to which the complex 
roots of the derived functions of a polynomial with real coef- 
ficients must lie within ellipses of a certain system gives little 
further information regarding their location. In the present 
paper, Professor Curtiss obtains results of a more precise 
nature, and applies these to the problem of locating the roots 
of the polynomial when the roots of a derivative are known. 


13. The orientation of an airplane when making a spiral 
descent is determined by two angles. One of these angles 
is given at once in terms of the angle of attack of the machine, 
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and the other is obtained from the root of a cubic equation 
given by Devillers. Professor Williams gives a graphical 
solution of this cubic equation, and also the explicit expansion 
of the root in question by means of the formula of Lagrange. 


14. Newton, in 1711, and Cotes, in 1722, used polynomial 
curves for approximating definite integrals. Cotes computed 
the coefficients which bear his name for polynomials up to 
degree ten. In the present paper, Dr. Rutledge evaluates, 
by means of determinants, Cotes’s coefficients for the general 
case of even order. A fact brought out by this evaluation is 
that the area from x = a to x = b under any polynomial 
curve of degree 2n + 1 through 2n + 1 points equally spaced 
as to abscissas is an invariant of the set of curves of degree 
2n + 1 through these points. 


15. Professor Rider’s paper considers the problem of joining 
two fixed points by a curve which with its caustic and the 
reflected rays at the fixed points will enclose a minimum area. 
Euler proposed and solved a similar problem concerning a 
curve and its evolute. For the evolute problem the minimiz- 
ing curve is a cycloid. For the caustic problem it is a trans- 
cendental curve of more complex type. Its equations are 
obtained in parametric form. The determination of the arbi- 
trary constants in the solution is considered. Finally, a 
solution is given of a more general problem which includes 
the evolute and caustic problems as special cases. 


16. For the problem of n bodies, Eddington has given the 
differential equation for the moment of inertia 


= 2T + W, 


where T is the kinetic energy and W = — °22mwm;/rj; is the 
potential energy, so that 7+ W = E is the total energy. 
If E is positive it is evident that I” is always positive and 
ultimate dispersion is inevitable. In a steady state of motion, 
2T+W=0, as was remarked by Poincaré. Professor 
MacMillan supposes that a system of bodies maintains its 
configuration in undergoing a process of expansion and con- 
traction. Under this hypothesis, W is inversely proportional 
to the square root of I and the equation for J may be written 
1/2-@I/dt = 2E+ k?/~vI. The integrals of this equation 
show that if E is negative the period of the oscillation is 
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P = k?/(— 2E)*”, which is independent of the amplitude of 
the oscillation. If the amplitude of the oscillation be in- 
creased to the point where the system collapses (I = 0), then 
the maximum value of VI is twice the value which it has for 
the steady state in which the amplitude is zero. In other 
words, the system could not expand to double its size for a 
steady state without eventually collapsing. Applications are 
made to star clusters. 


17. Dr. Kline shows that if R is a uniformly connected 
“im kleinen,” bounded, two-dimensional domain whose ex- 
terior is also uniformly connected “im kleinen,” then there 
exists a finitely connected domain Q whose boundary consists 
of a finite number of simple closed curves, no two of which 
have a point in common, such that Q — R is a totally dis- 
connected set. Using this result, he shows that necessary 
and sufficient conditions that a bounded two-dimensional 
domain R be finitely connected and bounded by a finite 
number of simple closed curves, no two of which have a point 
in common, are (1) that R be fully expanded, and (2) that the 
exterior of R be uniformly connected “im kleinen.” The 
notion of a set being uniformly connected “im kleinen” on 
every convergent sequence belonging to the set is then defined. 
It is shown that any bounded set M, that is uniformly con- 
nected “im kleinen” on every convergent sequence belonging 
to M, is uniformly connected “im kleinen.” This is not 
necessarily true, however, if M is unbounded. Using this 
notion, it is shown that if R is a proper subset of a two-dimen- 
sional euclidean space which is unbounded and simply con- 
nected, then a necessary and sufficient condition that R have 
as its boundary an open curve is that R be uniformly connected 
“im kleinen” on every convergent sequence. 


18. In this paper Professor Moore calls attention to a useful 
extension of the classical notion of the reciprocal of a non- 
singular square matrix. Consider any m X n matrix k, i.e., 
an array in m rows and n columns of mn complex numbers 
k(uv) (u= 1, ---, m; v= 1, ---, nm). There exists one and 
only one n X m matrix X, the reciprocal of x, such that (1) the 
columns of \ are linear combinations of the conjugates of the 
rows of x, (2) the rows of X are linear combinations of the 
conjugates of the columns of x, (3) the matrix TS«dx obtained 
by matricial composition of the matrices k, \, K is the original 


1920.] FOURTEENTH WESTERN MEETING OF THE SOCIETY. 395 


matrix x: = x, viz., «(uv) = x(ut)d(ts)x(sv) (ur), 
where u, s run from 1 to m, and 2, t run from 1 to n while S; 
T denote summations over the respective ranges 1, ---, m; 
1,---,n. If«xisof rank r, then ) is given explicitly as follows: 


Ug< 


+ (nm); 
B1< 
< < by 


(r = 1) A(ou) = + x(st)k(st) (uv); 
(r= 0) A(ou) = 0 (un); 


where as usual «(f!::%*) denotes the determinant of the /? 
numbers «(g:h;) (i, 7 = 1, ---, k) and x(#:%) denotes the 
determinant of the conjugate numbers x«(g;h;). 

The relation between x and \ is mutual: «x is the reciprocal 
of X, viz., (4), (5): the columns (rows) of «x are linear com- 
binations of the conjugates of the rows (columns) of A; (6) 
STdxrX = dX. The linear combinations of the columns of «(A) 
are the linear combinations of the conjugates of the rows of 
(x) and constitute the m-ary vectors yu (the n-ary vectors rv) 
of a linear r-space M (N) lying in the complete m-space 
(n-space) of all m-ary (n-ary) vectors. Let M (N) denote 
the conjugate space of the conjugate vectors p (v). Then the 
matrices xd establish 1—1 linear vector correspondences be- 
tween the spaces M, M and the respective spaces N, N; 
wu = Tv is equivalent to v = Sdyp and v = Suk is equivalent 
tou = Ton. 


19. Professor Roever shows how, under certain assumptions, 
it is possible to determine from a single pilot balloon flight 
the nature of the vector field which represents the wind struc- 
ture. For this purpose the wind chart and the differential 
equations of motion of the balloon are needed. These dif- 
ferential equations are obtained from those of a projectile by 
substituting for the weight of the projectile the lift of the 
balloon. The wind chart furnishes the finite equations of 
motion of the balloon. From these two sets of equations the 
form of the vector field along the path of the balloon is deter- 
mined, and, under the given assumptions, this is sufficient to 


396 MEETING OF THE SAN FRANCISCO SECTION. ([June, 


determine the nature of the vector field representing the wind 
structure. 
ARNOLD DRESDEN, 
Secretary of the Chicago Section. 


THE APRIL MEETING OF THE SAN FRANCISCO 
SECTION 


Tue thirty-fifth regular meeting of the San Francisco Section 
was held at Stanford University on Saturday, April 10. The 
chairman, Professor Blichfeldt, presided. The total attend- 
ance was twenty-three, including the following thirteen 
members of the Society: 

Professor R. E. Allardice, Professor B. A. Bernstein, Pro- 
fessor H. F. Blichfeldt, Professor Thomas Buck, Professor 
Florian Cajori, Professor M. W. Haskell, Professor L. M. 
Hoskins, Professor D. N. Lehmer, Professor W. A. Manning, 
Professor H. C. Moreno, Dr. F. R. Morris, Professor C. A. 
Noble, Dr. Pauline Sperry. 

The action of the executive committee in making plans for 
a meeting of the Section at the University of Washington June 
17-19, in connection with the Pacific division of the American 
association for the advancement of science was approved. 
It was decided that this should be a special meeting of the Sec- 
tion, the regular Fall meeting to take place October 23, 1920, 
as scheduled. 

The following papers were presented and discussed: 

(1) Professor H. F. Buicuretpt: “On the approximate 
representation of irrational numbers” (preliminary report). 

(2) Professor Ftortan Casori: “Note on the history of 
divergent series.” 

(3) Professor L. M. Hosxtns: “ Note on the Lorentz trans- 
formation and the notion of time.” 

(4) Professor E. T. Beuu: “The twelve elliptic functions 
related to sixteen doubly periodic functions of the second 
kind.” 

(5) Professor E. T. Beti: “Certain remarkable sums re- 
lated to 3, 5, and 7 squares.” 

(6) Professor E. T. Brtu: “Parametric solutions for a 
fundamental equation in the general theory of relativity.” 
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In the absence of the author, Professor Bell’s papers were 
read by title. Abstracts of the papers follow below. 


1. The theory of approximate solutions, in terms of integers, 
of linear equations with irrational coefficients, has been de- 
veloped mainly by Kronecker and Minkowski. Thus, the 
equations aa2,=0 («= 1, 2,---,m—1) possess an 
infinite number of sets of integral solutions with errors e; < 
= Kronecker has shown that the equations 
2, ---, m.—1) possess an infinite 
number of sets of integral solutions, with errors ¢; at the cutset 
assigned as small as we please, provided no equation exists of 
the form }>k:a; = kn, where the k;, kn are integers. Professor 


Blichfeldt' finds that we cannot in general assume & 
< Nz,1/—-», where N is any given constant. 


2. Professor Cajori pointed out that, as early as 1843, 
A. De Morgan advanced a summation formula for divergent 
series, discussed asymptotic series and used a principle relating 
to divergent series; these researches entitle him to the rank 
of a pioneer in the development of the modern theory of di- 
vergent series. 


3. Professor Hoskins called attention to an apparent paradox 
resulting from Einstein’s interpretation of the Lorentz 
transformation. If two exactly similar clocks C and C’ 
keep time correctly for a system S while both are at rest at a 
point A of the system, and if C remains at A while C’ is carried 
in any closed path with uniform speed » and brought back to A, 
then according to Einstein the elapsed time as indicated by C’ 
will be less than that indicated by C, the relation being ap- 
proximately T’ = 7T[1 — 14(0/V)?]. It is, however, equally 
legitimate to refer the motion to a coordinate system with 
respect to which C’ remains stationary while C describes a 
closed path with uniform speed 2, and from this point of view 
the reasoning of Einstein leads to the conclusion that T = 
T'{1 — 14(0/V)*]. There seems no ground for regarding the 
reasoning as valid in one case and not in the other. Is it 
not possible that in both cases it is based upon an illegitimate 
physical interpretation of the Lorentz transformation? 
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4. The twelve elliptic functions considered by Glaisher and 
other writers are shown in Professor Bell’s paper to arise as 
degenerate forms from a set of sixteen doubly periodic func- 
tions of the second kind which may be generated by the 
operations of a certain group from any one of them. The 
same functions give also, by differentiation, transformations 
of the second order, etc., all of the doubly periodic functions 
of the third kind considered by Hermite, Biehler, Appell, 
and others, with many more. The paper will appear in the 
Messenger of Mathematics. 


5. In connection with his recent determinations of the 
numbers of representations of integers as sums of 3, 5, 7, 9, 11, 
and 13 squares, (which will appear in the American Journal), 
Professor Bell remarked that incidentally the 3-square results 
yield the class number by finite processes only. In this 
paper new binary class number formulas and analogous results 
related to quinary and senary forms are derived. 


6. The equation solved in Professor Bell’s note is that for 
the square of the line element in the general non-euclidean 
time-space, which holds a central position in Einstein’s theory 
of gravitation. The solution is not free from quadratures. 
It is shown that particular solutions of certain other equations 
in general dynamics may be similarly found. The note will 
appear in the Philosophical Magazine. 

B. A. BERNSTEIN, 
Secretary of the Section. 


THE SUM OF THE FACE ANGLES OF CERTAIN 
POLYHEDRONS IN n-SPACE. 


BY DR. HARRIS F. MACNEISH. 


(Read before the American Mathematical Society December 30, 1919.) 


A SIMPLE polyhedron in n-space is defined as a set of r- 
spaces »-;C,; of which intersect in each i-space; r> 7; 
2. 

For a simple polyhedron P” in n-space we denote the sum 
of the angles of all the plane faces by S,., the number of 


| 
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vertices by po", the number of line edges by p.”, and the 
number of r-space faces by p,”; r = 2,3, ---,n— 1. 

For a simple polyhedron in n-space we develop the following - 
formula for the sum of the face angles: 


1 4 
8, = [ 1) po" — — | 


For space of three dimensions for any simple polyhedron P* 
we have the Euler formula 


Sos = (po? 2)2r. 


In space of four dimensions we consider any simple poly- 
hedron P*. In any 3-space face S43 = (a%o,; — 2)2z. 
Taking the sum for all of the 3-space faces of P*, since in 
a simple polyhedron four 3-space faces pass through each ver- 
tex, and two 3-space faces through each plane, 


28 = (4pot — or Sp = — 


To obtain an induction proof we assume the generalization 
\ of this formula for space of r-dimensions, i.e., 


1 4 
Sp = [ ine |x. 


In (r + 1)-space the sum of the plane face angles of each 
r-space face P;’ of a simple polyhedron P’* is given by the 
above formula. 

Taking the sum of the plane face angles for all the r-space 
faces of the polyhedron P’*, since (a) r+ 1 r-space faces 
pass through each vertex; (b) r — 2 r-space faces pass through 
each 3-space and (c) r — 1 r-spaces pass through each plane, 
in a simple polyhedron in (r + 1)-space 


£ 1 | 


1 
Spr => [ + 1) 


which completes the induction proof. 


| 
| 
| 
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ay 


ON BORDERED FREDHOLM DETERMINANTS. 
BY PROFESSOR T. H. HILDEBRANDT. 


In a paper on projective transformations in function space, 
L. L. Dines* sets up certain expressions which he calls bordered 
Fredholm determinants, and minors. These determinants 
have properties which are analogous to the properties of 
Fredholm determinants. It is the purpose of the present 
note to point out that these bordered Fredholm determinants 
can be regarded as the Fredholm determinants of a system 
or a mixed system of linear integral equations, and that as a 
consequence their properties can be deduced from the corre- 
sponding properties of Fredholm determinants. 

The bordered determinants arise in the question of the 
inversion of the transformation 


a(x) + B(x)p(x) + v(x, ye(y)dy 
e(y)g(y)dy 


where 6 is a constant, a, 8, ¢, g and yw are functions in the 
interval I:a < x < b, which we assume to be continuous, and 
(xz, y) is continuous in the square S:a Sb,aSy <b. 
It is also assumed that 6 does not vanish in the interval I; 
as 4 consequence the question of the inversion of the trans- 
formation (1) is reducible to the inversion of the special trans- 
formation in which 6 is taken equal to unity on I. The 
existence of a unique inverse function ¢ for every y is equiva- 
lent to the existence of a unique solution of the system of 
equations 


¥i(z) = gi(z) + + 
= dg2+ Sely)gily)dy, 


where ¢2 and are constants and = ¢;/¢2 and = 
The determination of ¢; and ¢» from this system is in turn 


* Cf. Transactions Amer. Math. Seite, = 20 (1919), pp. 45-65. 
t Here, as in the sequel, we omit the limits of integration (a, b). 


(2) 


= 
= 
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equivalent to the question of solving the system of linear 
integral equations 


Gat Seugit S ki2¢2, 


Yo = got + S K222, 
where 
ki1(2, y) (2, y)s K12(2, y) Koi (2, y) e€(y) 
and 
6-1 
y) = 


On account of the nature of the functions x2, ke1, and Keo, 
every determinant of the Fredholm expansion of the system 


K21K22 
volving ki2, Ke1, Ke2 vanishes identically, and the expansion 
reduces to 


fof 6—1 a(z;) 


(xi, 25) 
which on combination becomes 


i,j =1,---,n), 
1 | § a(2;) 
1+ fof ey (zi, 21) 


which is exactly the expression for Dines’s bordered deter- 
minant B. 

B being then in fact a Fredholm determinant, it follows 
that we can derive the properties of B from those of Fred- 
holm determinants. For instance, it is at once apparent 
that there is a product theorem between determinants B 
based on different functions. In particular since the product 


of the Fredholm determinants of the two systems 


(2 2 

Ki2 is 

and is the system 

( ko ) 


K11K12 
( ) which contains more than one row or column in- 


dz,- 


(i,j = 1, ---,n), 


K21 


_ 
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29 + + + Sf 


we can substitute in this the corresponding values for the x 
and find that the B-determinant of the functions 6:, a, 
€1, ¥1 multiplied by the B-determinant of 62, ae, €2, Y2 is the 
B-determinant of S ae + S ¥102 + + S 
+ + + + which is the result obtained 
by Dines by more cumbersome methods. 

In order to complete the inversion problem it is necessary 
to introduce minors of the first order. There will be four 
of these in a system of two integral equations. If we set up 
these determinants for the special kernels under consideration 
and note as before that every determinant in the expansion 
which contains more than one row or column of the a, ¢ and 6 
is identically zero, we easily obtain the following expressions: 


é 
ey) y) 


Fy = Ao 


4. ee | a(x) a(2i) | 


(i,j = 1, n), 


ley) -¥(ai, y) | 


Fy = 


| 
e(y) v(z,y) y) 
€(2;) ¥(z, (xi, 25) | 


1, n), 


6-1 a(2;) 
€(z;) (xi, 2;) 
(i, j 1, 


es | 


n). 


ell 
Fy» = 
1 
|| 
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By comparing with the results of Dines we see that 
Fy = Bi, Fy, = A/(b— a), Fx, = E, 
Foe = (D B)/(b a). 


If now we write down the eight reciprocal relations governing 
the Fredholm determinant and its first minors for a system 
of equations, as for instance 


Foku + Fut S Fuku t+ SF = 0 


and seven others of a similar nature, and substitute therein 
the values for our special case, we get at once the reciprocal 
relations relative to B;, A, E, B and D which Dines obtains. 
It is thus possible to make the discussion of the inversion of 
the projective transformation on the basis of the Fredholm 
determinants of a system of linear integral equations. 

A more elegant approach to the same results is possible if 
we note that the system of equations (2) is a mixed system 
to which the results obtained by Moore* on general linear 
integral equations apply. Moore discusses not only the 
case when the functions which enter the equations have the 
same ranges but also when the ranges are different. Thus in 
the system under consideration, we really have two distinct 
ranges, the interval I: a < x < b, with the continuous func- 
tions ¢1, and y, and the operation of integration; and the 
range consisting of a single element with the functions g2, yo, 
i.e., a single value, and the operation, the identity operation. 
By applying the methods sketched by Moore and reducing 
the results, we obtain at once as the Fredholm determinant 
of this system, the bordered determinant B, and as first 
minors, the expressions for B;, A, E, and D— B. By sub- 
stituting in the proper reciprocal relations, we arrive at the 
reciprocal relations obtained by Dines. This method has 
the advantage of not introducing any extraneous material, 
ie., yielding at once the particular quantities which we 
desire. 

This method is also useful in indicating a situation in which 
one obtains as Fredholm determinants a determinant bordered 
by n rows and columns. For if we replace the second range 
which consists of a single element, by a range which consists 


* This BULLETIN, vol. 18 (1912), pp. 356 ff. 


| 
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of a finite number m of elements, we obtain the equations 
(3) V(x) = o(z) + Sx(z, yoly)dy + 
Vo = Got Sr(y)e(y)dy + 


where ¢ and y are defined on a < x < J, and ¢g, and y, on 
(1, ---, m). When we set up the Fredholm determinant of 
this system, we find that all the determinants involving more 
than m rows or columns of the kernels x,, 4, and k,, vanish 
identically, and by collecting the non-vanishing elements 
properly we obtain without much trouble as the Fredholm 
determinant of this system the expansion 


K(xi, 


1, 
1, j = 1, seen 4 
where 6,, = 0 if g + h and unity if g= h. Obviously the 
first and higher ordered minors and the relation between 
these can be written out without much difficulty. 


Systems of linear equations of this last type arise in a 
number of connections. For instance the mixed linear inte- 


gral equat on 
= o(z) + Sx(z, yoly)dy + 


where z;, h=1, ---, m, are m points on the interval a <z< b, 
can be reduced to such a system. We need only adjoin 
the m equations which we obtain by putting x = z, in this 
equation and set 9(z,) = ¢, in order to obtain such a system. 
It would follow then that the Fredholm determinant of this 
mixed integral equation can be written in the forni 


| Son + | 
wal 


| 2;) K(2i, 2j) 


(f h= 
i, j 1, 
with 5,, = Oif g + hand 6,, = 1. 

Another situation in which we get such a bordered Fred- 


= 
— 
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holm determinant is in the system of linear integral equations 


(4) Git Skugit 
= got Skagit 


in which the kernels x12, and x22 are expressed in terms of the 
3n functions a;(zx), B;(x), and y;(x) as follows: 


= Ziai(x)B.(y), = 


If we substitute these values and multiply the second of the 
two equations by 6;(x) and integrate with respect to z, we 
replace the above system by a system of the type (3) in which 
¢; = SB;(x)¢2(x)dz. The value of the function ¢2 can then 
be determined from the second of the equations (4). Since 
the Fredholm determinant o/ a system (3) is a bordered deter- 
minant, the Fredholm determinant of a system of the type 
of (4) would also be. 

Obviously, these results can be extended by introducing 
the general range in place of the range IJ: a <x <b and 
general classes of functions instead of continuous functions, 
and a general linear operator in place of integration in accord- 
ance with the postulates of Moore’s general theory. 

Ann Arsor, Micu. 


ON THE COHERENCE OF CERTAIN SYSTEMS 
IN GENERAL ANALYSIS. 


BY PROFESSOR A. D. PITCHER 


In a previous paper* attention was called to the property 
coherence, so named, of systems (©; 6), where © is an abstract 
class of elements q and 6(q:q2) a distance function defined for 
every pair 492 of elements of Q. In the present paper it is 
shown that certain of the most notable of the systems of 
E. H. Moore’s Introduction to General Analysist which were 
devised without reference to coherence, or indeed without 

* “On the foundations of the calcul fonctionnel of Fréchet,” by A. D. 
Pitcher and E. W. Chittenden, Transactions Amer. Math. Society, vol, 19, 
No. 1, pp. 66-78. 


Tt New Haven Mathematical ae Yale University Press, 
1910. We refer to this memoir as I. G. A 


= 
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reference to any property of the range of the independent 
variable, must nevertheless be coherent. 

Consider a system ($; A), i.e., an abstract class $ of eleménts 
p with a development A*, and the relation K5,»,nt to which 
the development A gives rise. Two sequences {pin} {pon} 
are said to be connected in case for every integer m there is 
an integer m» such that n 2 nm» implies Kp,.p,,.m- An element 
pis said to be a limit of a sequence {p,}, in notation L, p, = p, 
in case for every m there is an nm» such that n = mm» implies 
Kp.»m-t A system ($; A), or a system ($; K), is coherent 
if it is true that whenever two sequences {pin} {pon} are con- 
nected and p is a limit of the sequence {pin} then p is also a 
limit of the sequence {pon}. 

We wish to consider the systems (2; 3; A; Dt)§ where the 
class 9% has the properties D,AK; or the properties LAK>.|| 

TuEorEM. The system (B; A) of a system (A; P; A; M), 
where the class It has the properties D,AK2 or the properties 
LAKo, is a coherent system.4 

Since {pin} and {po.} are connected there is a sequence 
{B*..} of the development A such that L,m, = © and such 
that for n = m the elements pin and yo, each belong to the 
class B*.7.. Since p is a limit of the sequence {p;,} there 
is a sequence {f™’.}, of the development A, such that 
L,m, = © and such that for n sufficiently large p and pin 
each belong to 

We must show that p is a limit of the sequence {pon}. 
Suppose this is not true. Then there is an integer m’ such 
that for every m there is an n > m such that p and pon are 
not in the relation Kpp,,m’. Thus by permitting m to assume 
the values 1, 2,3, ...,, . . . and choosing each time the 
smallest n available we secure a sequence {n,} such that for 
no k is the relation Kpp,, m’ holding. ‘There is then a sequence 


{Don,}, subsequence of such that for no m exceeding 


A., 75. 

TI.G.A,, § 77. 

+ Cf. aw contribution to the foundations of the calcul fonctionnel of 
Fréchet, ” by T. H. Hildebrandt, Amer. Jour. of Mathematics, vol. 34 
(1912), pp. 337-300, 

A., §§ 75-80. 

[ For properties D,, L, A, Ke of classes I see I. G. A., §§ 15, 22, 79, 72. 

{| It should be noted "that the property D implies the property D, and 
on that account the systems (Y%; $; A; Mt), where Yt has the properties 
DAKz, are included in the above theorem. 


| 
| 
| 
| 
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m’ and for no k are pon, and p in the same subclass $™ of the 
development A. 

Now consider the element p and those functions of the 
developmental system ((5"')) which are associated with the 
element p. That is, consider the system ((5’)) where ($”) 
is the system of classes of stage m which contain p. Denote by 
6” the sum of the functions 6” which are associated with p at 
stage m. Then, by the first condition* on the developmental 


system, 
LA = 1. 


In case Jt has either the property L or the property D; the 
function 6” has the property K-Mt. Consider a function ¢ 
which has the property Kt. There is a p of Pt such that 
for every positive number e¢ there is an m, such that Ky,p.m, 
implies | — Since {pin} and {pen} are con- 
nected it follows that for every e there is an n, such that 
n =n. implies | ¢p,, — |. Since the sequence 
{pin} has p for a limit and y has the property K-Mt, the sequence 
{up,,} Of values is bounded. Thus for every e there is an n, 
such that | — ¢p,,|Se. Therefore Ingy,, = Ingp,, = ¢p- 

If the conclusion concerning ¢ be applied to each function 


6”, we have 
Ln = = 95”. 
Then for every m 
= 
and 


According to the condition (1b) on the developmental 
system there is for every yu a function po such that for every e 
there is an m, such that for m 2 m, and for every p 


Za | | Se| Hop |. 
Consider an element pon, Recall that 6" = 2,6". For m 
sufficiently large no 5” is associated with a class $™ to which 
Pon, belongs (since 5” is associated with a class $™ to 
which p belongs). Since St has the properties L, A, Ke or 
the properties D,, A, Ke there is a function p of Yt which, for 
m, sufficiently large and a number a properly chosen, is such 


*1.G.A,, § 78 (1a). 
tI. G. A. § 72 (2). 
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that ayn, 2 1, where r™ is the representative element of 
any class $" to which p belongs. Using such a function p in 
the condition (1b) on the developmental system and noting 
that the sequence {Hop,,,} is bounded, we see that for every e 


there is an m, such that for m 2 m, and for every k the value 
9>,,," does not exceed e. But this affords a contradiction to 


the conclusion reached above that 
= 1. 


Therefore the hypothesis that p is not a limit of the sequence 
{Pen} is contrary to fact. 

These considerations may be extended to the infinite 
developments of Chittenden.* 


ADELBERT COLLEGE, 
WESTERN RESERVE UNIVERSITY. 


ON THE ADJOINT OF A CERTAIN MIXED 
EQUATION. 


BY DR. R. F. BORDEN. 


(Read before the American Mathematical Society December 30, 1919.) 


CoNsIDER a function of the form 
(1) F{f()} = Af’(x) + a(z)f'(x) + d(x) Af(x) + f(z), 


where a(x), b(x), and c(x) are analytic functions of z, also 
Af(x) = f(x + 1) — f(z), and f’(x) = (d/dz)f(z). We will say 
that G{g(x)} is the adjoint of F{f(x)} if G{g(x)} = 0 is the 
condition that 


(2) SX {f(a)}dx = ZM(z) + 


where = denotes an inverse of A. 
This condition (2) is satisfied if 


(3) g(x) F {f(x)} = (x)dx + AN(z), 


“Infinite developments and the composition pro 
general analysis,” by E. W. Chittenden, Rendiconti del Circolo Matem. d 
Palermo, sg 39 (1915), p. 21, §§ 19 and 31. 
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where M(z) and N(z) are of the form 
M(x) = A(x)Af(x) + B(z)f(z), 
N(x) = C(a)f'(z) + D@f(a). 


Equating corresponding coefficients in the two members of 


(3), we have 
g(x) = A(x) + C(z), 
a(x)g(x) = B’(a), 
(5) b(x)g(x) = A’(x) + D(a), 
e(x)g(x) = D’(z), 
AC(x) = AD(z) = 0. 
From (5) we have 
6) Ag’ (x) — a(x)g’(x) — + 1)Ag(z) 
+ [e(x) — a’(x) — Ab(z)]g(x) = 0, 


which we wil] call the expression adjoint to the expression (1).* 
The equations formed by equating (1) and (6) to zero, we will 
call adjoint equations. 

The formal mode of obtaining the coefficients of the adjoint 
gives (1) as the adjoint to (6) only when Ab(xz) = 0. However 
this difficulty may be avoided, for b(x) may be taken identi- 
cally zero without loss of generality, since (1) is transformed 
by the substitution 


f(x) = h(z) 


into an expression having no term in Ah(x). Accordingly in 
what follows we will take b(x) as zero when discussing the 
adjoint. 

We will now state a few facts about the equationf 


(7) Af'(z) + + b(@)Af@) + = 0, 


where a(z) is not identically one. 


(4) 


* Other forms of adjoint may be found 4 (3), but 
among other advantages (6) affords in what follows the closest analogy to 
adjoint partial differential for instance, 
Forsyth: Theory of Differential Equations, Vol. 6, p 
¢ First studied by Poisson: Journal de PEcole (2 vol. 6. 
bog pp. 127-141. Its properties here listed are ane in my 
thesis which is to appear in the Amer. Jour. of Mathematics 


| 
| 
| 
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(i) The equation (7) has under the group of transformations 
f(x) = v(x)g(x) two fundamental invariants 


— [a(x) — 1]b(x) — a’(z) 
a(x) — 1 


I(x) = 


and 


e(x) — [a(x) — 1]b(x — 1) 
a(x) —1 


(ii) When either I(x) = 0 or J(x) = 0, the equation may 
be solved in finite form by the standard methods of solving 
differential and difference equations, the two processes being 
separable. 

(iii) If n successive applications of the transformation 


J(z) = 


(S) fs(x) = f(e@+ 1) + [a(z) — 1]f@) 
or of the transformation 
(T) = f'@) + — 


result in an equation with a vanishing invariant, and if n is 
the least integer for which this is true, then the equation is 
of rank n + 1 with respect to the transformation. 

(iv) If Is, and Js, are the invariants of the mth transformed 
equation under (S), and if Iz, and Jz, are the invariants of 
the equation resulting from m applications of I, then 


JS (x) = Is, (x) and I7,(x) => J 7, ,(2). 


(v) The equation obtained by applying (S) and (7) in 
the order named, has the same invariants as has the equation 
obtained by applying first (7) and then (S). 

The adjoint to 
(8) Af’(x) + a(x)f’(z) + e(z)f(x) = 0 
is 
(9) Ag’ (x) — a(x)g’(x) + [e(x) — a’(x)]9(x) = 0, 
which has the invariants* 

_ e(z) — a’(z) a’ (x) 


* The discussion holds only when a(z) + 1. 


— J(2) 


= 
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and 
c(z) — a _ 
J 


Hence the adjoint equation has the same set of invariants 
except for order as has the original equation. Consequently 
af one of two adjoint equations of the form (8) can be solved in 
finite form on account of a vanishing invariant, the same is true 
of the other. 

Denote equation (8) by F = 0 and its nth transform by 
Fs,=0 or by Fr,=0 according as (S) or (7) is used. 
Using (iv) and (v) we can express the invariants of the trans- 
formed equations as follows, each pair of invariants being 
written under the corresponding equation: 


Fr, = 0, «++, Fx = 0, F = 0, Fs, = 0, +++, Fs, = 0, 

tee, In, Ip, I, tee, | 
Similarly we have for the adjoint equation G = 0, the set 

Gr, = 0, ---, Gz, = 0, G = 0, Gs, = 0, ---, Gs, = 0, 


which differs from the set for F = 0 and its transforms only in 
order. 

From the two sets we see that, if an equation of the form (8) 
is of finite rank with respect to either (S) or (T), its adjoint is of 
the same rank with respect to the other transformation. Also 
if such an equation is of doubly finite rank, its adjoint is of 
doubly finite rank with the same index. 

The equation 


(10) Af’(x) + e(x)f(x) = 0 


— I(z). 


is self-adjoint. Its invariants are equal and have the value 
—c(x). Unlike the corresponding partial differential equation, 
(10) is not a canonical form for equations with equal invariants. 
A necessary and sufficient set of conditions that (7) shall have 
equal invariants is 


a’(x) = Ab(x) = 0. 


— 
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Not all equations of that form are reducible to the form (10); 
for example 


Af’(x) + 2f'(x) + = 0 6 


is not. However, equations with equal invariants which are 
not self-adjoint do not seem to be of great interest. 

From the preceding theorem it follows that if a self-adjoint 
equation of form (10) is of finite rank with respect to one of the 
transformations (S) or (T), it is of the same rank with respect to 
the other. 

Using the formula* 


+ by e+ —J@e+h] 


d n—1 n—2 
— Az log [ +h) IL Is(@@+h-- | 
k=0 k=0 
and noting that for the self-adjoint case 


= J(z) = — e(z), 


we have 


d n—2 

k=0 k=0 

as a necessary and sufficient condition that the self-adjoint 

equation (10) be of rank n + 1 with respect to each of the transfor- 

mations (S) and (T). 


UnIversiTy OF ILLINOIS. 


THE SECOND VOLUME OF VEBLEN AND YOUNG’S 
PROJECTIVE GEOMETRY. 


Projective Geometry. By,OswaLp VEBLEN and J. W. Youna. 
Boston, Ginn and Company; Vol. 2, by Oswald Veblen, 
1918. 12-+ 511 pages. 

In volume I, Veblen and Young were concerned particu- 
larly with those theorems of projective geometry which can 
be proved on the basis of their assumptions A of alignment, 
assumptions E of extension, and an assumption P of pro- 


* Formula (8) in my thesis, l.c. 


| 
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jectivity. In some cases use was also made of the assumption 
Hy that the diagonal points of a complete quadrangle are 
non-collinear. A space satisfying A and E is called a general 
projective space. This term does not seem to the reviewer 
to be altogether appropriate. According to this terminology 
real projective spaces, complex projective spaces, etc., are all 
general projective spaces. This seems rather like saying that 
every special projective space is a general projective space. 
It would seem in some respects preferable to omit the word 
general and say simply that every space satisfying A and E 
is a projective space.* 

In volume II various special projective spaces are studied, 
each special projective space being a space in which, in addition 
to A and E, certain other postulates are satisfied. One ex- 
ample of a special projective space is a proper projective space, 
a space satisfying A, E and P. A projective space satisfying 
the assumption H that if any harmonic sequence exists not 
every one contains only a finite number of points is called 
a non-modular projective space. A modular projective space 
is one in which every harmonic sequence contains only a finite 
number of points. 

Assumptions A, E, P and Hp hold true in both the ordinary 
real and the ordinary complex projective spaces of three 
dimensions. A space satisfying these assumptions is not 
necessarily continuous in the sense of Dedekind. Indeed it 
does not necessarily possess even pseudo-archimedean con- 
tinuity. Veblen and Young’s assumptions A, E and Hp corre- 
spond rather closely to the first fourteen of a set of nineteen 
postulates published by Pieri in 1899. The following is a 
rough translation of Pieri’s set. 

PostuLaTE I°. Projective points form a class. 

PostutaTE II°. There exists at least one projective point. 

Postu.aTE III°. If there exists one projective point, there 
exists at least one other one. 

PostutaTes IV° anp V°.t If a, b are projective points 
(a + b), the line ab 1s a class of points. 

* The same objections would not apply to ~ use of the term general 
projective geometry to designate the totality of all theorems that can be 
proved on the basis of A and Z. There is only one such body of theorems 


and therefore only one such geometry, while there are many sorts of spaces 
satisfying A and E. 


M. Pieri, “I principii della izione composti in sistema 
vai deduttivo,’ Memorie de ta delle Scienze di Torino, 
9), pp. 1-62. 
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PostutaTeE VI°. If a and b are distinct projective points, the 
line ab ts contained in the line ba. ; 

PostutaTe VII°. If a and b are distinct projective points, 
a belongs to the line ab. 

PostutaTeE VIII°.* If a and b are distinct projective points, 
the line ab contains at least one point distinct from a and from b. 

PostutaTe IX°. If a and b are distinct projective points 
and c is a point of the line ab distinct from a, then b belongs to 
the line ac. 

PostuLaTE X°. Under the same hypothesis ab contains ac. 

PostutaTE XI°.¢ If a + b, there exists at least one point not 
on the line ab. 

PostutaTe XII°.f If a, b, ¢ are non-collinear projective 
points and a’ is a point of be distinct from b and from c and b’ 
is a point of ac distinct from a and from ec, then the line aa’ has 
a point in common with the line bb’. 

PostuLaTE XIII°.§ If a, b, ¢ are non-collinear points, there 
exists a point not in the plane abc. 

PostuLaTE XIV°.|| If a + b and ¢ is a point of ab distinct 
from a and from b, then the fourth harmonic of ¢ with respect to 
a and b is distinct from ec. 

PostuLaTE XV°. If a, b, ¢ are distinct points of a line r 
and d is a point of the line r not belonging to the segment (abc) 
nor coinciding with a or with c, then d belongs to the segment (bea). 

PostuLaTEe XVI°. [If a, b, c are distinct collinear points of a 
line r and a point d belongs to both of the segments (bca) and 
(cab), then it does not belong to the segment (abc). 

PostuLaTEe XVII°. If a, b, c are distinct collinear points and 
d is a point distinct from b on the segment (abc) and e is a point 
of the segment (adc), then the point e is on the segment (abc). 

Postulate XVIII° is a form of Dedekind cut postulate as 
applied to the points of a segment. 

PostuLaTe XIX°.** If a, b,c, d are distinct non-coplanar 

* Cf. Veblen and Young’s Eo. 

+ Cf. Veblen and Young’s E2. 

and Young’s A;. 

; Cf. Assum tion Ho. Pieri points out that in the presence of Postulates 
VI°, XII° and XIII°, Postulate XIV° is equivalent to the proposition that 
the diagonal points of a complete quadrangle are collinear. 

§, The segment (abc) is defined as the set of all points [xj such that, for 
some pair of points y and z on the line abe which are harmonic conjugates 
of each other with respect to a and c, x is the fourth harmonic of b with 
respect to y and z. 

** Cf. Assumption E;’. 
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points, then for every point e not in any one of the planes abe, 
abd, acd, bed there exists at least one point common to the figures 
ae, bed. 

It seems not far from accurate to say that Veblen and 
Young’s set A, E, Ho differs from Pieri’s set I°-XIV°, XIX° 
chiefly in that Veblen and Young postulate simply the four 
assumptions A,, A», Eo and E;, instead of Pieri’s I-X, which 
latter may be (perhaps rather roughly) considered as corre- 
sponding to the result of breaking up (or analyzing) the group 
of assumptions A;, Az, Eo and Kj, in a certain fashion, into a 
larger number of weaker postulates. Every space that 
satisfies A, E, Ho satisfies also I°-XIV° and conversely. 

Veblen secures a categorical set of postulates for real pro- 
jective space by defining the notion of order on a net of ration- 
ality and the notion of open cuts in such a net and adding, to 
A and E, assumption H and the following assumptions C 
and R. 

AssumpTIon C. If every net of rationality contains an infinity 
of points, then on one line | in one net R (HoHiH,.) there is 
associated with every open cut (A, B) with respect to the scale 
Ho, Hi, Ha, a point which 1s on and such that the follow- 
ing conditions are satisfied: 

(1) If two open cuts (A, B) and (C, D) are distinct, the points 
Pus, and Prev) are distinct; 

(2) If (Ai, Az) and (Bi, Be) are any two cuts and (C,, C2) 
any open cut between two points A and B of R (HoHiH,.) and 
af T is a projectivity such that 


T(H.AB) = HoP 


then T(P.o,,¢)) 18 @ point associated with some cut (Di, De) 
between and (Bi, B2). 

AssuMPTION R. On at least one line, if there is one there is 
not more than one chain. 

Pieri secures the same result by defining the notion of a 
segment and adding postulates XV°-XVIII°. 

It seems to the reviewer that one might naturally feel, in 
view of the complicated nature of Veblen’s assumption C, 
that Pieri’s XV°-XVIII° constitute a simpler group of as- 
sumptions than that constituted by Veblen’s H, C and R. 
Veblen’s set has an apparent advantage in that his assumption 
C holds true for a complex space as well as for a real one, while 
this is not true of Pieri’s postulate XV°. But let us consider 


| 
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a second article by Pieri, published in 1905.* In this article 
Pieri gives a set of postulates for complex projective geometry 
of infinitely many dimensions. The first 10 of these corre- 
spond closely to the first 14 of his first set except for the fact 
that (a) instead of XI° and XIII° of set I we havef in set II 
a postulate to the effect that for every complex space S,, there 
exists at least one point not in S, and (6) postulate XIV° is 
replaced by a postulate to the effect that the diagonal] points 
of a complete quadrangle are non-collinear.f 

In postulate XII and in most of the remaining postulates 
XII-X XX use is made of a new undefined notion, the notion 
of a chain. Postulates XII-XIX are (freely translated) as 
follows: 

PostuLaTE XII. [f a, b, c are distinct points of a complex 
line, the chain of the points a, b, c—indicated by the symbol 
|abe|—is a class of points belonging to that line. 

Postuxates XIII anp XIV. [If a, b, are distinct collinear 
complex points, the chain |abe| is contained in each of the 
chains |acb| and | bac}. 

PostuLtaTE XV. Under the same hypothesis a belongs to 
the chain | abc}. 

PostutaTe XVI. If a, b, c, d are distinct collinear points 
and a’, b’, c’,d’ are distinct collinear points in perspective corres- 
pondence with a, b, c, d, then d belongs to ibe! af and only if d’ 
belongs to |a’b’c’|. 

PostuLaTEe XVII. If a,b, care three distinct collinear points, 
rm "ap harmonic of ¢ with respect to a and b belongs to the chain 

abe}. 

Postutates XVIII XIX. [If a, b,c, d are four distinct 
— points and d belongs to the chain label, then c belongs 

to |abd| and |abd| is contained in |abe|. 

If in the definition of “segment (abc)’’ quoted above for 
real space the phrase “line abc” is replaced by “chain |abe|” 
the resulting definition holds good for complex space. 

Postulate XX of set II is equivalent to the proposition 
obtained by substituting “chain |abe|” for the second “line 
r”’ in the statement of postulate XV° of set I. Postulates 
XXI and XXII of set II are respectively equivalent to XVI° 
and XVII° of set I. 

di geometria projettiva complessa,’’ Memorie della 

Scienze di Torino, vol. 55 (1905), pp. 189-235. 
TA pe change to make in passing from a set of postulates for 


three dimensions to one for infinitely many dimensions. 
t Cf. Veblen and Young’s Ho. 
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The set of postulates I-X XII hold true in real as well as in 
complex space. If, in this set, postulate X is replaced by XI°, 
XIIT° and XIX° of set I, and Veblen’s R and a suitable 
Dedekind cut postulate are added, there results a categorical 
set of axioms for real projective geometry of three dimensions. 
To obtain complex geometry, Pieri adds, to I-X XII, seven 
more postulates (XXIII-XXX). Of these, XXIII is a sort 
of pseudo-archimedean axiom whose content may be roughly 
suggested by saying that it postulates that if a, b, c are three 
distinct points the net of rationality determined by them is 
everywhere dense on the segment (abc). 

At first sight it might seem that Veblen and Young’s set 
of assumptions for complex projective geometry contains fewer 
postulates and is correspondingly simpler than Pieri’s set. 
However, leaving out of consideration some of the earlier 
axioms in which Pieri gives such a detailed analysis of certain 
simple relations of alignment, etc., the question arises whether 
if Veblen’s set seems at first sight to be simpler it is not largely 
because he makes use of a postulate, assumption C, which 
leaves much to be desired from perhaps at least two points of 
view. There is a curious difference between the way in which 
assumption C functions for complex space as compared with 
the way it functions for real space. Suppose S is a definite 
real projective space (satisfying A, E and H) whose projective 
structure is determined in the sense that the question whether 
or not three points in S lie on the same line has a determinate 
answer as soon as the three points are themselves determined. 
If C and BR are satisfied in S for one association of points with 
open cuts as indicated in the statement of assumption C 
then they are not satisfied for any other such association of 
points with cuts. That is to say if, in S, (a) on one line / in 
one net R(HoH,H,,) there is associated with every open cut 
(A, B) in R(HoHiH,.) a point P on | such that conditions 
(1) and (2) of assumption C are satisfied and such that R is 
also satisfied, and (b) in S, on the same line / in the same net 
R(HoHiH..) there is associated with every open cut (A, B) 
(with respect to the scale Ho, Hi, a point on 
satisfying the same conditions (1), (2) and R, then, for every 
(A, B), is identical with 2). 

This uniqueness of choice of the association in question 
does not however exist for the case of a complex space satisfying 


A, E,H,C, Rand I. Hence it is not determined in advance 
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just what point must be associated with each cut. Indeed the 
reviewer believes that in this case for a given Ho, Hi, Hy on 
a given linel and a given open cut (A, B) on / not related ina 
certain way to Ho, Hi, and H,,, one may select, for the P.z 3) 
to be associated with (A, B) any point whatsoever of the line l 
with the exception of an infinity of points which are (in a 
certain sense) related algebraically to the points Ho, Hi, H.— 
provided of course that after this selection is made, the points 
to be assigned to the other open cuts are properly chosen. 
Thus there appears to be involved here an arbitrary element 
of a very pronounced character. If the author claims that 
in using assumption C for a complex space he does not intro- 
duce a new undefined idea, then the reviewer would like to ask 
the following questions. 

Why do the authors of volume I say, on page 1 of that 
volume, “Since any defined element or relation must be 
defined in terms of other elements and relations, it is neces- 
sary that one or more of the elements and* one or more of the 
relations between them remain entirely undefined{; otherwise 
a vicious circle is unavoidable” and why, on page 15 of 
volume 1 do they say “We consider a class (cf. § 2, page 2) the 
elements of which we call points, and certain undefined classes 
of points which we call lines”? Why not say merely, “We 
consider a class the elements of which we call points ” and 
substitute the following in place of the treatment beginning 
with line 9 of page 16? 

“Concerning points we now make the following assumption: 

“AssumpTION A. With every two points X and Y there 
is associated a class of points X Y such that 

(1)t if A, B and C are points which do not belong to XY 
for any two points X and Y, and D and E (D + E) are points 
such that B, C, D belong to Xi¥; for some pair of points 
X,and Y; and C, A, E belong to X2Y2 for some pair of points 
X2Y-2 then there is a point F such that A, B, F belong to some 
X3Y; and D, E, F belong to some X4¥4, 

(2)§ If X + Y there are at least three points in the class XY. 

(3)|| There do not exist two distinct points X and Y such 
that every point is in the class XY.” 

Ete. 

Can any objection be made to this procedure which 


* Italics are the reviewer’s. 
+ Italics are the authors’. 
Cf. Az. § Cf. Eo. || Cf. Es. 
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would not also be an objection to the employment of C 
as an assumption for complex geometry? If in using such 
an assumption as C the author does not introduce a new un- 
defined relation, then is it not at least true that in almost (or 
quite) every case where a set of postulates has ever been con- 
structed in terms of more than one undefined element one 
can construct a closely corresponding set in terms of only one 
undefined element in a manner similar to that employed in C 
and in the example that I have given above? 

A rather puzzling question now arises. If it be granted 
that in employing C in the set A, E, H, C, R, I, the author is 
really introducing a new undefined relation then is it or is it 
not true that this is also the case for the set A, E, H,C, R? Or 
does the mere fact that the above-mentioned arbitrary element 
is present in the first case and absent in the second—does this 
fact alone afford sufficient grounds for concluding that the 
use of C introduces a new undefined relation in the first connec- 
tion but not in the second? 

Aside from the above considerations, assumption C' leaves 
something to be desired from the standpoint of analysis. 
And what are we to understand is the relation between C, R 
and I? Should R be stated as a separate assumption? It 
reads “On some line / not all points belong to the same chain.” 
Here we have a postulate which is stated separately from C 
but in which there is used a term (chain) which has been 
defined (?) in terms of an “association” postulated in C. 
It seems to me the sjtuation would have been made clearer if 
instead of stating R and I separately the author had incor- 
porated in postulate C, after the statement of condition (2), 
something like the following: 

“(3) If in terms of this association of points with cuts 
‘the chain defined by A, B, C’ is defined as indicated on pages 
17 and 21 for any three collinear points A, B, C; then there 
exists a line / such that (a) on / not all points belong to the 
same chain, (b) through a point P of any chain C of the line / 
and any point J on / but not in C there is not more than one 
chain on! which has no other point than P in common with C.” 

Of course this strengthened postulate C is more com- 
plicated than the original. But does not the attempt to state 
R and I as separate assumptions serve to becloud the true 
state of affairs? 
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In an article in the Annals of Mathematics, volume 11 (1909), 
page 34, J. W. Young says “The notion of a chain has«been 
fundamental in the synthetic introduction of imaginaries into 
geometry since the time of von Staudt. In the more recent 
work on the foundations of projective geometry it necessarily 
plays an important réle. Pieri has indeed recently chosen it 
as one of the undefined elements in his set of assumptions for 
complex geometry. More recently Professor Veblen and I 
have given a set of assumptions for projective geometry in 
which point and an undefined class of points called a line are 
the only undefined elements and in which the chain is defined.” 
It is perhaps superfluous to say that the reviewer does not 
agree with this statement. First there at least seems to be 
room for debate on the question whether Veblen and Young 
do not employ a third undefined element. Secondly I cer- 
tainly do not feel that they have defined chain anywhere in 
volume I or volume II. If it is true that point and line are 
the only undefined elements here and that chain is defined, 
then it would have been possible to have gotten along with 
point as the only undefined element, both line and chain 
being defined. One could* even do this on the basis of the 
single axiom that the cardinal number of the set of all points 
is C. In this case there would be an arbitrary element 
involved in the “definitions” of both line and chain. On 
what grounds if any can one object to this proceedure without 
objecting to that of Veblen and Young? If we are to allow 
an arbitrary element in connection with the notion of a chain 
on what grounds can we object to doing an entirely similar 
thing in connection with the notion of a line? Perhaps it 
may be contended that it is undesirable that this sort of 
arbitrariness should be associated with the notion of a line 
because this notion is so fundamental in projective geometry. 
In complex projective geometry the notion of a chain is also 
quite fundamental. Indeed I am not sure but that it might 
be considered just as fundamental as that of a line. It seems 
to the reviewer that there is much to be said in favor of Pieri’s 
treatment in which point, line and chain are undefined. The 
question arises however whether, from assumptions C, R and 
I and the results that the authors have established concerning 
them, one may not perhaps obtain suggestions for a well 


* See below. 
{ Cf., indeed, the above quotation from one of the authors of Volume I. 
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analyzed set of postulates in terms of point, line and chain or 
in terms of point, line and order, but simpler than that of Pieri. 

On pages 302, 303 and 304 occur three statements which 
for purposes of reference I will call I, II and III. These 
statements are as follows: 

I. “Assumptions I-IX, XVII are categorical for the 
euclidean space, i.e., if two sets of objects [P] and [Q] satisfy 
the conditions laid down for points in the assumptions, there 
is a one-to-one reciprocal correspondence between [P] and 
[Q] such that the subsets called lines of [P] correspond to the 
subsets called lines of [Q]. Thus the internal structure of 
a rr space is fully determined by assumptions I-IX, 
XVII.” 

II. “Assumptions I-X, XVII have a different réle from 
X-XVI or XVIII-N in that they determine the set of objects 
(points, linés, etc.) which are presupposed by all the other 
assumptions. The choice of these assumptions is logically 
arbitrary. The choice of such sets of “assumptions” as 
X-XVI is not arbitrary, it must correspond to a properly 
chosen group of permutations of the objects determined by 
I-X, XVII.” 

III. “The point of view of the writer is that if X-XVI or 
XVIII-N are to be regarded as independent assumptions 
their independence is of a lower grade than that of I-IX, 
XVII. They constitute a definition by postulates of a rela- 
tion (congruence or nearness) among objects (points, lines, 
etc.) already fully determined.” 

As to I, what is meant by the “internal structure” of a 
euclidean space? Do not circles have as much to do with 
the internal structure of euclidean space as do straight lines? 
If so it seems to me that the internal structure of a euclidean 
space is not at all fully determined by assumptions I-X, 
XVII. What does it mean to say that two sets of objects 
[P] and [Q] satisfy the conditions laid down for points in the 
assumptions? The assumptions in question are in terms of 
point and order (not point alone). In order to give a definite 
interpretation of a space ‘satisfying I-IX, XVII do we not 
need to be told just what objects are points for that inter- 
pretation and just what points A, B and C are in the order 
ABC in that interpretation? Grant that we are given such 
an interpretation S of a space satisfying assumptions I-X, 
XVII. Then for any three points it is fully determined 
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whether or not they are on the same line* and to that extent 
the internal structure of the space S is fully determined. .But 
if one who is curious to know whether the interpretation in 
question is an interpretation of euclidean geometry should 
pick out three non-collinear points and ask “are these three 
points on a circle?”—What answer could be made? One 
might reply (?) “if you pick out a polar system at infinity 
I will tell you whether A, B and C are on a circle with respect 
to that polar system’’—but would that be an answer to the 
question? 

As to II and III, if the mere fact that a certain set of postu- 
lates is categorical in terms of something, no matter what 
(I suppose the statement “they determine the set of objects,” 
etc., means that I-X, XVII are categorical in terms of point 
and order), implies that no further postulates are necessary 
for any purpose or at least that any further postulates are 
independent to a lesser degree, if at all, then why not base all 
of euclidean geometry on the following axiom? 

Axiom A. The number of points in space is C (the power of 
the continuum). 

On the basis of Axiom A, straight lines, order and con- 
gruence can be so defined that Axioms I-IX of §29 and 
Axiomst X-XVI of § 66 will all be fulfilled. Thus Axiom A 
would be a sufficient basis for three-dimensional euclidean 
geometry. But straight lines, order and congruence could 
also be defined in some other way so that all the theorems of 
two-dimensional euclidean geometry would be fulfilled. With 
the use of another set of definitions Bolyai-Lobachevskian 
geometry could be obtained, etc., etc. 

With reference to the last two sentences of Statement II, 
—in what sense, if any, are assumptions I-X, XVII arbitrary? 
Must not one select II so that it will not contradict I or 
follow from I, select III so that it will not contradict I or II 
or follow from them, etc.? Is anything different true of 
X-XVI? Are they not arbitrary except in that they must 
be selected so as not to contradict each other or I-X, XVII, 
and so that no one of them will follow from the others together 
with I-X, XVII? Ina certain sense it may of course be said 

* In § 29 the notion of a line is defined in terms of point and order. 

+ Cf. “Foundations of Geometry,”’ by Oswald Veblen, in Monographs 
on Modern Mathematics, edited by J. W. A. Young, New York, 1911. 


Also R. L. Moore, “Sets of metrical hypotheses for geometry,” Trans. 
Amer. Math. Society, vol. 9 (1908), pp. 487-512. 
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that every time a new (independent) assumption is added 
there is a decrease in the arbitrariness involved in the selection 
of an additional assumption (unless one is to have either 
dependence or a contradiction) and after one has postulated 
I-X, XVII there is of course less arbitrariness than there was 
at the beginning. It is true that no assumption can be added 
to I-X, XVII (without there being a contradiction) if it 
gives additional information (of a certain type*) concerning 
point and orderalone. But it is allowable to add assumptions 
that give other information. 

On page 71 Veblen narrows a definition of Klein by “assign- 
ing to the geometry corresponding to a given group only the 
theory of those properties which, while invariant under this 
group, are not invariant under any other group of projective 
collineations containing it.” He adds “This will render the 
question definite as to whether a given theorem belongs to a 
given geometry.” Unless the reviewer fails to understand 
the meaning of these statements it appears that according to 
this test it is not a theorem of euclidean geometry that in a 
given plane there is only one line parallel to a given line through 
a point not on that line, nor is it a theorem of euclidean 
geometry that through two given points there is only one line, 
and it is not a proposition of double elliptic geometry that every 
two coplanar lines have two points in common. Apparently 
the author himself does not always hold to this point of view. 
For instance on page 70 he says “We have thus considered 
only very general properties of figures and so have dealt 
hardly at all with the familiar relations, such as perpendicu- 
larity, parallelism,{ congruence of angles and segments, which 
make up the bulk of elementary euclidean geometry.” 

On page 83 in order to secure a complete definition of a 
planar field of vectors should not the author add to (1) and 
(2) the stipulations that (3) for each vector V and point A 
there is only one point B such that V corresponds to the 
ordered point pair AB and (4) if two ordered point pairs AB 
and A’B’ are not equivalent under the group of translations 
then their corresponding vectors are distinct? The definition 
as it stands seems to be satisfied if the number 1 is taken as the 
vector of every point pair. 

The present review has been much concerned with a dis- 

*Cf. E. H. Moore, ‘On the foundation of mathematics,” Science, vol. 


17 (1903), 401-416. 
+ Italics are the reviewer’s. 
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cussion of certain more or less debatable and delicate questions 
relating to the foundations of mathematics. Let it be not 
imagined that these questions bear in any way on the useful- 
ness and interest of the main body of the treatise under review. 

In Chapter II the author considers order relations in real 
projective space. Chapter III is concerned with affine plane 
geometry, that is to say with the geometry corresponding to 
the group of all those projective collineations which transform 
into itself the set of all points not lying on a given line /, 
of a given projective plane 7. One of the most interesting 
features of the text under review is the way in which various 
propositions are classified under particular groups. For in- 
stance, though of course the affine group doesn ot leave all 
metrical properties invariant it does leave certain particular 
ones invariant and in Chapter III the author considers a 
considerable body of such properties. In particular it is 
interesting that a theory of equivalence of triangles can be 
based* on this group. 

Chapter IV is concerned with euclidean plane geometry 
regarded as the geometry corresponding to the group of all 
those projective collineations that leave invariant a fixed 
involution (without double points) on a line /,, in a real pro- 
jective plane. Chapter V is concerned with ordinal and 
metrical properties of conics; Chapter VI with inversion geom- 
etry and related topics, including complex chains, Chapter 
VII with affine and euclidean geometries of three dimensions 
and Chapter VIII with non-euclidean geometries. 

Chapter IX is concerned with theorems on sense and separa- 
tion, a large body of such theorems being proved on the basis of 
A, E,S and P without use of C and R. Sense classes of various 
sorts are defined in terms of elementary transformations. 
In euclidean space of two dimensions for an ordered set of 
three non-collinear points an elementary transformation is 
defined as the operation of replacing one of the three points 
in question by a point which is joined to it by a segment not 
meeting the line on the other two. In § 181 it is stated that 
the notion of right and left-handedness can be extended to 
curves by a limiting process. For a treatment of sense on 
curves in two dimensions without the use of such a limiting 
process reference may be made to an article by J. R. Kline. 


* Cf. ‘9 Also footnote reference to Wilson and Lewis. 
tJ. R. Kline, “A definition of sense on closed curves in non-metrical 
analysis situs,” Annals of Mathematics, vol. 19 (1918), pp. 185-200. 
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The reviewer feels that the volume under review is a 
valuable addition to the as yet rather restricted list of advanced 
mathematical treatises of high grade published in America. 

R. L. Moore. 


NOTES. 


AT a special meeting on April 23, 1920, the Council of the 
American Mathematical Society approved the formation of 
an American section of the international mathematical union 
and authorized its committee on the union to take the neces- 
sary steps to organize the section. The Council also adopted 
a resolution that the publication of a journal of mathemati- 
cal abstracts is very desirable, and authorized its committee 
on bibliography to take steps toward securing the financial 
support necessary for such a journal. It was agreed that 
the representatives of the Society in the division of physical 
sciences of the National research council should present these 
projects before the division. Accordingly, at its meetings on 
April 28-29, 1920, the division adopted resolutions recom- 
mending to the National research council that the American 
section of mathematics organized under the auspices of the 
division be made the authorized agent of the council in the 
organization of the proposed international mathematical 
union, and its representative in that body when organized. 

At the same meetings the Mathematical association of 
America was given the right to nominate one member of the 
division. ‘The number of members at large was increased by 
one and Professor G. D. BrrkHorr was elected as the additional 
member. Professor OSwALD VEBLEN was elected a member 
of the executive committee of the division. 

The project for the publication of a journal of mathematical 
abstracts was approved and a committee consisting of Pro- 
fessors L. E. Dickson, OSWALD VEBLEN, and H. S. WHITE was 
appointed to work out details and consult with the finance 
committee of the council as to securing the necessary funds. 

A committee was also appointed to secure a revolving fund 
for the publication of important scientific books and papers 
commercially unattractive to regular publishing houses. Pro- 
vision was made for the appointment of research committees 
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on algebraic numbers and statistics. The division approved 
a plan for establishing research fellowships in mathematics, 
to be administered by the division. 


Tue April number (volume 21, number 2) of the Transac- 
tions of the American Mathematical Society contains the fol- 
lowing papers: “Differential equations containing arbitrary 
functions,” by G. A. Buss; “ Functions of lines in ballistics,” 
by G. A. Buss; “On the summability of the developments 
in Bessel’s functions,” by C. N. Moore; “One-parameter 
families and nets of ruled surfaces and a new theory of con- 
gruences,” by E. J. Wiiczynsk1; “Nets of space curves,” 
by G. M. Green; “A set of postulates for fields,” by N. 
Wiener; “A theorem on modular covariants,” by O. C. 
HAZLETT. 


Tue March number (volume 21, number 3) of the Annals of 
Mathematics contains: “A Green’s theorem in terms of Le- 
besgue integrals,” by H. E. Bray; “Bilinear operations gener- 
ating all operations in a rational domain 2,” by NorBERT 
Wiener; “On the enumeration of proper and improper 
representations in homogeneous forms,” by E. T. BELL; 
“A proof of Jordan’s theorem about a simple closed curve,” 
by J. W. ALExANDER; “Linear order in three dimensional 
euclidean and double elliptic spaces,” by G. H. HAt.ett, JR.; 
“Further properties of the general integral,” by P. J. DANTELL; 
“Summability of double series,” by L. L. Smart; “The 
fundamental theorem of celestial mechanics,” by J. L. Coot- 
IDGE, 


At the meeting of the National Academy of Sciences held 
at Washington, April 27, the following mathematical papers 
were read: By Professor L. E. Dickson, “Recent notable 
progress in the theory of numbers”; by Professor Epwarp 
Kasner, “Geodesics and relativity.” Professor H. F. Buiicu- 
FELDT, of Stanford University, has been elected a member 
of the academy, and Professor CAMILLE JORDAN, of the Col- 
lége de France, a foreign associate. 


Tue following university courses in mathematics are 
announced: 


CotumBiA University. The list of courses announced for 
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the academic year 1920-1921 in the May BuLLetin should, 
have included the following:—By Professor C. J. Keyser: 
Philosophy of mathematics, four hours. 


CorNELL UNIvERsITy (academic year 1920-1921).—By 
Professor J. H. TANNER: Mathematics of finance, two hours.— 
By Professor Vircit Snyper: Algebraic geometry, three 
hours; Symposium of mathematics, two hours.—By Professor 
F. R. Sarre: Fourier series and the potential theory, three 
hours (first term).—By Professor W. B. Carver: Metric 
geometry, three hours.—By Professor ArTHuR RaNnum: 
Theory of numbers, three hours (second term).—By Professor 
D. C. Giiespre: Differential equations, three hours.—By 
Professor W. A. Hurwirz: Differential equations of mathe- 
matical physics, three hours.—By Professor C. F. Crate: 
Theory of functions of a complex variable, three hours. 
—By Professor F. W. Owens: Advanced calculus, three 
hours.—By Dr. F. W. ReEep: Celestial mechanics, three 
hours.—By Dr. H. B. Owens: Projective geometry, three 
hours.—By Dr. G. M. Rosison: Infinite series, three 
hours—By Mr. H. S. Vanpiver: Modern algebra and 
theory of equations, three hours.—By Dr. H. C. M. Morse: 
Differential geometry, three hours. 


Harvarp UNIversity (academic year 1920—1921).—All 
courses meet three times a week throughout the year, except 
those marked *, which meet for half a year.—By Professor 
W. F. Oscoop: Dynamics (second course); The theory of 
functions (second course, part I): functions on an algebraic 
configuration*.—By Professor C. L. Bouton: Introduction 
to modern geometry and algebra; Geometrical transformations, 
with special reference to the work of Sophus Lie.—By Pro- 
fessor C. L. Cootmce: Probability*; Properties of polynomials 
and invariants*; Line geometry.—By Professor E. V. Hunt- 
INGTON: The fundamental concepts of mathematics*.—By 
Professor O. D. Ketioce: Introduction to the theory of 
potential functions and Laplace’s equation*.—By Professor 
D. R. Curtiss (of Northwestern University): The analytical 
theory of heat and problems in elastic vibrations*; The 
theory of functions (second course, part II): functions defined 
by linear differential equations of the second order*.—By 
Professor G. D. BrrkuHorF: Differential and integral calculus 


428 NOTES. [June, 


(advanced course); Developments in series*; Difference 
equations*.—By Professor W. C. GrausTEIN: The theory of 
functions (introductory course); Differential geometry of 
curves and surfaces. 

Professors KELLocG and will conduct a fort- 
nightly seminar in analysis. Courses of research are also 
offered by Professor Oscoop in the theory of functions, by 
Professor Bouton in the theory of point transformations, 
by Professor CooLipGE in geometry, by Professor KELLoGG 
in the theory of potential functions, by Professor BrRKHOFF 
in the theory of differential equations, and by Professor 
GRAUSTEIN in geometry. 


Massacuusetts INstTITUTE OF TECHNOLOGY (summer 
session).—By Professor F. S. Woops: Analytic geometry.— 
By Mr. L. H. Rice: Elements of differential equations.— 
By Professors C. L. E. Moore, H. B. Putxurps, F. L. Hirrcs- 
cock, and Dovetass; Theoretical mechanics (introductory 
course). 


UNIVERSITY OF CALIFORNIA (academic year 1920-1921).— 
By Professor M. W. Hasketu: Higher plane curves, three 
hours.—By Professor D, N. LEnmMeEr: Geometry of four dimen- 
sions, three hours (first term).—By Professor FLoRIaN 
Casori: History of mathematics, two hours; Teachers’ 
course, three hours (first term).—By Professor T. M. Putnam: 
Partial differential equations, three hours (first term); Special 
analytic functions, three hours (second term).—By Professor 
W. D. McDonatp: Functions of a complex variable, three 
hours.—By Professor B. A. BERNSTEIN: Logic of mathe- 
matics, two hours.—By Professor Frank Irwin: Introduction 
to higher algebra, three hours.—By Dr. PAvuLINE SPERRY: 
Differential geometry, three hours (second term). 


UnIvERsIty OF WISCONSIN (summer session).—By Pro- 
fessor E. P. Lane: Differential equations, five hours; Modern 
analytic geometry, three hours.—By Professor H. W. Marcu: 
Mechanics, five hours; Differential equations of mathematical 
physics, five hours.—By Professor E. B. Skinner: Differential 
geometry, five hours; Special topics in algebra, three hours.— 
By Professor ARNOLD DrespDEn: Elliptic integrals, five hours; 
Theory of point sets, five hours. 


1920. ] NOTES. 429 


UnIversity oF StraspourG.—The reorganized University 
of Strasbourg announces that it is now in a position to offer 
a complete course of research for the doctorate in mathematics 
and mathematical physics, as well as the usual introductory 
courses in analysis, mechanics and astronomy. The following 
research courses will be given during the academic year 
1920-1921: First semester (November 1, 1920—February 28, 
1921).—By Professor BAvER: Quanta theory and the structure 
of atoms, three hours.—By Professor Frécuet: Theory of 
chance, two hours; Integral equations, one hour. Second 
semester (March 1, 1921-June 30, 1921).—By Professor 
BavEnr: Statistical applications of quanta theory, three hours. 
—By Professor Frécuet: Applications of the theory of chance, 
one hour; Functions of lines, two hours.—By Professor VILLAT: 
The motion of a solid in a viscous fluid, two hours.—By 
Professor Pérts: Transformations of surfaces applicable to 
quadrics, two hours.—By Professor Vaurtron: Dirichlet’s 
series and factorial series, two hours. 

Further information with regard to mathematics courses 
may be obtained from M. le Directeur de I’Institut de Mathé- 
matiques de |’Université, Strasbourg, Bas-Rhin, France, 
and details concerning lodgings, etc., and courses in the 
French language for foreign students given during the summer 
of 1920 by the Faculty of letters, from the Comité de Patronage 
des Etudiants étrangers, Université, Strasbourg. 


ProFessor Paut APPELL, honorary dean of the faculty of 
sciences of the University of Paris, has been made rector of the 
Paris academy, as successor to the late LucreNn PoIncaRE. 


Str Toomas Murr has recently presented his collection of 
about 2,500 mathematical books and pamphlets to the South 
African Public Library at Capetown. It consists largely of 
sets of periodicals, some of them now very rare, and of a 
special library on the theory of determinants and allied 
subjects that is probably the most complete in existence. 


Proressor D. R. Curtiss, of Northwestern University, 
has been granted leave of absence to accept the position of 
lecturer in mathematics at Harvard University during the 
coming academic half-year. 


| 
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Proressor L. E. Dickson, of the University of Chicago, has 
been elected a member of the American Philosophical Sagiety. 


AssIsTANT professor S. LeFscHETZz, of the University of 
Kansas, has been promoted to an associate professorship of 
mathematics. 


At the University of Oklahoma, associate professor E. P. R. 
Dvuvat has resigned, and Mr. E. E. Cowan has been appointed 
instructor in mathematics. 


At Adelbert College, Western Reserve University, Dr. W. G. 
Smon has been promoted to an assistant professorship of 
mathematics. Dr. C. A. NEtson, of the University of 
Kansas, has been appointed instructor in mathematics. 


AssIsTANT professor J. V. McKetvey, of Iowa State 
College, has been promoted to an associate professorship of 
mathematics. 


Dr. I. A. Barnett, Benjamin Peirce instructor at Harvard 
University during the academic year 1919-1920, and Mr. H. 
R. Brawana, of Princeton University, have been appointed 
instructors in mathematics at the University of Illinois. 


Dr. C. N. Reynoups, of Wesleyan University, has been 
appointed instructor in mathematics at Dartmouth College. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Castetnuovo (G.). Lezioni di geometria analitica. Puntata 1. 4a 
edizione. Milano-Roma-Napoli, soc. ed. Dante Alighieri, di Albrighi, 
Segati e C. (Citta di Castello, S. Lapi), 1919. S8vo. 8 +320 pp. 

L. 30.00 


Fower (R. H.). The elementary differential geometry of plane curves. 
(Cambridge Mathematical Tracts, No. 20.) Cambridge, Universit; 
Press, 1920. Demy 8vo. 7 + 105 pp. 6s. 


Ganeutt (S.). Lectures on the theory of plane curves delivered to post- 
graduate students in the University of Calcutta. Parts 1 and 2. 
pig pe University of Calcutta, 1919. 10 + 140 + 14 + 212 pp. 

plates. 
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Suucert (S. P.). The resolvents of Kénig and other types of symmetric 
gar (Diss., University of Pennsylvania.) Lancaster, Pa., 
pp. 


ZOLEsE (C.). Matematica matematica a Discorso, il 30 
ea 1919. Citta di Castello, tip. Grifani-Donati, 1919. 8vo. 


II. ELEMENTARY MATHEMATICS. 


Ascout (G.). Complementi di geometria per gli istituti tecnici. 4a edi- 
zione. Livorno, Giusti, 1920. 8vo. 10 + 237 pp. L. 5.40 


Bortotorti (E.). Aritmetica generale ed algebra per i .licei classici e 
moderni. Volume 1, per rima, classe. Milano-Roma-Na 
ed. Dante Alighieri, di Albrighi, Segati e C. (Citta di Castello, Tap), 
1919. 8vo. 197 pp. 


Buraut-For7 (C.). See Pensa (A.). 
Burati-Forti (C.) e Ramortino (A.). Elementi di algebra per le scuole 


medie inferiori. 6a edizione. Torino, casa ed. G. B. Petrini, di 
Gallizio (V. Bona), 1920. 8vo. 7 + 142 pp. L. 3.00 


Caranta (S.). Elementi di aritmetica ed algebra per le scuole secondarie 
inferiori. 7a edizione, migliorata e semplificata, e adattata pure ai 
nuovi proposti programmi. Catania, N . Giannotta (V. Giannotta), 
1919. 16mo. 8 + 382 pp. L. 4.20 


JENKINS (F.). See Lennes (N. J.). 


Lennes (N. J.) and Jenkins (F.). Applied arithmetic, the three essentials, 
Books2and3. (Lippincott’s School Text Series.) Lip- 
pincott, 1920. 9 + 294 + 9 + 340 pp. $0.80 + 0.85 


Paxatini (F.). ain ad uso delle scuole medie superiori. Parte 1-2. 
5a edizione. Torino, casa ed. G. B. Petrini, di G. Gallizio (tip. 
Elzeviriana, Olivero e C.), 1920. 8vo. 76+ 126 pp. L. 6.50 


Peano (G.). See Tavoe. 


Pensa (A.). Elementi di geometria ad uso delle scuole secondarie in- 
feriori. Prefazione di C. Burali-Forti. 6a edizione. Torino, case 
ed. G. B. Petrini, di G. Gallizio (V. Bona), 1919. 8vo. 11 Ag 198 
pp. con due prospetti. L. 4.00 


Ramorino (A.). See Buraui-Fortt (C.). 
Reeve (W. B.). See Scnortine (R.). 


Scnoruine (R.) and Reeve (W. B.). General mathematics. Boston, 
Ginn, 1919. 16 + 488 pp. $1.48 


Srrazzert (V.). Geometria elementare. Palermo, D. Capozzi, 1919. 
8vo. 8 + 272 pp. L. 5.00 


Tav -£ numeriche (quadrato, cubo, radice quadrata e cubica, logaritmo, 
reciproco, seno, coseno, tangente, cotangente, logaritmi naturali, 
tavole d’interesse, ecc.) con prefazione e note di Giuseppe Peano. 
Torino, Unione tipografico-editrice, 1920. 16mo. 35 pp. 


Testi (G. M.). Corso di matematiche, ad uso delle scuole secondarie 
superiori e pid specialmente degli istituti tecnici. Volume 5: Com- 
plementi d’algebra. 3a edizione, corretta ed aumentata, coll’aggiunta 
di un’appendice sulla funzione derivata e sugli integrali. Livorno, 

Giusti, 1920. 8vo. 9 + 330 pp. L..5.00 
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——. Elementi d’algebra, ad uso pid specialmente dei licenziandi delle 
scuole tecniche. 16a riveduta. Livorno, Giusti, 1920. 
16mo. 6 + 86 pp. L1.80 


——. Elementi di geometria, ad uso degli alunni delle scuole tecniche. 
23a edizione riveduta. Livorno, Giusti, 1920. 16mo. 11 + ) Pp. 


——. Elementi di matematica, ad uso degli alunni delle scuole normali. 
Fasc. 3, per la 2a classe. 6a edizione riveduta. Livorno, Giusti, 
16mo. B4 + 107 pp. L. 2.00 


Ill. APPLIED MATHEMATICS. 

BraxeE (T.). Tychonis Brahe Dani o a omnia. Edidit J. L. E. Dreyer. 
Tomus 6. Hauniz, Libreria Gyldendaliana, 1920. 5 + 375 pp. 

Brose (H. L.). See Freunpuics (E.). 

Deckert (A.). Mechanik. Kempten, 1919. 

Detnsot (E.). Considérations sur les unités fondamentales de la physique. 
Paris, chez l’auteur, 1919. 8vo. 31 pp. 

Dorceor (E.). Cinématique théorique et appliquée. Paris, Dunod et 
Pinat, 1919. 4to. 272 pp. Fr. 54.00 

Dreyer (J. L. E.). See Braue (T.). 

ErnsTEIn (A.). See Freunpuicu (E.). 

(L. K.). See Morr (H.). 

Frevunpiicu (E.). The foundations of a. theory of gravitation. 
Authorized English translation by H es With a qe by 


A. Einstein and an introduction by H. Turner. wae * 
University Press, 1920. Demy 8vo. 16 + ti pp. 


Garneri (A.). Corso elementare di disegno geometrico, ad uso ioe 
scuole medie, complementari, professionali, ecc. Parte 2: Proiezioni 
ortogonali con applicazioni meccanica e alla teoria delle ombre 
9a edizione, riveduta, corretta, aumentata. 

orino, ditta G. B. Paravia e C. (Rocca S. Casciano, L. Capelli) —— 
16mo. 8 + 180 pp. gy 


Grsss (W.). L’équilibre des substances hétérogénes. Exposé ei 
traduit et complété de notes explicatives par Geo: 
Gauthier-Villars, 1919. 16mo. 8 + 102 pp. 


Gorrt (C.). L’apprendista meccanico. 2a edizione, riveduta et ampliata. 
(Manuali Hoepli.) Milano, Hoepli, 1920. 24mo. 19 + 381 pp. a 


June (H.). See (F.). 
Matisse (G.). See Gress (W.). 


Crate (J. D.), Fitz (L. K.), Mactzan (A. T.) and WoLFENDEN 
H.). Sources and characteristics of the principal mortality tables. 

i aahes Studies, No. 1.) New York, Actuarial Society of America, 
1919. 4-+ 79 pp. $1.25 


Turner (H.H.). See (E.). 


Wison (E. B.). Aeronautics. A class text. New York, Wiley, 1920. 
8 + 265 pp. $4.00 
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